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Actuated Bistable Jumping
Structures
The design and analysis of a fully actuated adaptive bistable structure is presented. This
structure releases energy at a high frequency, which in consequence causes it to jump.
Such structures have application as the basis for multistable adaptive systems. The dy-
namic transition of the bistable structure from its high-energy to low-energy stable states
and the lower-frequency return transition are considered by reference to a specific ex-
ample. The effect of embedded actuation on this behavior is also investigated.
�DOI: 10.1115/1.4000417�
Introduction
Bistable structures have great potential for use in adaptive sys-

ems and may be used as building blocks for multistable structures
ith very large numbers of discrete stable configurations �1�.
istable structures have two discrete stable configurations. The

ransition between these states may require a large geometric
hape change. In particular, this change in form through structural
ompliance, without the requirement for conventional mechanism
omponents, makes them attractive for use in adaptive systems,
specially in environments that are not well suited to conventional
echanisms �2�. Possible applications also include switches and

alves both at microscale �3� and macroscale. It is also worth
oting that examples of actuated bistable structures may be found
n the natural world, for example the Venus fly-trap �4�.

It has previously been shown that bistable structures may store
qual amounts of strain energy in their two stable configurations
5�. These are termed symmetrically bistable structures. Such
tructures are useful for applications in which each stable state is
f equal importance. Bistable structures, which have one stable
tate that is energetically preferential to the other—
symmetrically bistable structures—may be beneficial when there
s a requirement for work to be done by the structure �6�. The
train energy difference between the stable states may be con-
erted to work during the transition between the high-energy state
nd the low-energy state at a higher frequency than achievable
ith current large stroke actuators. This unilateral high-frequency

ransition between stable states of an asymmetrically bistable
tructure is the predominant focus of this paper.

A corollary of this release of strain energy as work during the
ransition from the high-to low-energy states is, of course, that this
nergy must be input by the actuators effecting the transition in
he opposite direction. Consequently, the return transition must
ake place at a significantly lower frequency as energy is pumped
nto the system with a substantially greater burden placed on the
ctuators. The presence of return actuators can significantly effect
he properties of the high-frequency transition. One possible ap-
lication for bistable structures is in morphing aircraft concepts
7� and the ability to actuate them repeatedly between the stable
tates is essential if they are to be used in real systems

It is necessary, if such bistable structures are to be used in
daptive systems, to be able to predict their performance with
onfidence. To date, this prediction has largely focused on the
table equilibrium configurations �6�. The steady-state geometric
onfigurations are essential to determine the forms that a multi-
table system constructed from bistable elements will adopt and it
s not necessary for this to consider the dynamics of the transition.
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Indeed in a finite element analysis �FEA� it is often convenient to
change the geometric configuration by means of a displacement-
controlled approach to assist convergence.

In conceivable physical implementations of multistable systems
based on actuated bistable units, however, the change in configu-
ration is force-controlled and the dynamics of the transition must
be accounted for. This is particularly important for two reasons.
The first is that it is necessary to know the effect of the actuation
of a single bistable unit on the remainder of the structure. The
transmission of vibration due to high-frequency dynamic snap-
through could be critical, for example, in a space-based optical
system. The second is that the dynamics of the transition between
stable states can significantly affect the efficiency of energy trans-
fer with more or less being converted to internal kinetic energy
instead of work.

In this paper, analysis of the transitions between the stable
states of an asymmetrically bistable structure will be developed
and demonstrated. The structure that will be demonstrated mani-
fests the release of stored strain energy as useful work by jump-
ing, providing a graphical illustration of the effect. It will be
shown how currently available actuator technology can be used to
actuate the transitions in both directions—this is essential if
bistable elements are to be used in functional multistable systems.

Following this introduction, the concept of asymmetric bistabil-
ity will be introduced. A specific example of an actuated asym-
metrically bistable structure will be shown, which will be used to
demonstrate the developed analysis techniques. These techniques,
which increase in complexity from the assumption of perfect en-
ergy transfer to a nonlinear dynamic finite element analysis, dem-
onstrate the behavior of the specific structure and also enable
more general conclusions concerning the design and actuation of
bistable structures to be made.

2 Concept

2.1 Asymmetric-Bistability. An asymmetrically bistable
structure may be generated by coupling a spring with a linear
response and a spring with a nonlinear response. This technique
has been previously demonstrated through the design of triangu-
lated bistable structural elements �6�. Therefore, this technique is
also used to generate the jumping structures analyzed in this pa-
per. The nonlinear springs that are used are tape springs, which
exert an approximately linear moment under an increasing applied
end rotation until a limit point is reached at a critical moment
Mlock and the structure buckles. Under continued end rotation the
tape spring regains stability �positive stiffness� but exerts a
smaller and approximately constant moment M� �8�.

When a tape spring is conceptually coupled with a leaf spring—
which exhibits a linearly increasing moment when subject to an
increasing applied end rotation—the rotation-moment curves of
the two springs intersect at three points, which correspond to equi-

librium configurations. This coupling is illustrated in Fig. 1�a� in
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hich the leaf spring response is represented by a thick line, and
he tape spring response by a thin line. Where the line is dotted
orresponds to an unstable configuration. The three equilibrium
onfigurations where the lines intersect are highlighted with black
ots. The properties of the tape spring and leaf spring used to
reate the figure are those of the design elaborated in Sec. 3.

It can be seen that two of these equilibrium configurations are
table, which occurs when both the leaf spring and the tape spring
ave positive stiffness at the intersection of their equilibrium
urves. These are when the tape spring is straight and the leaf
pring bent at point S1 and vice-versa at point S2. The strain en-
rgy is represented in the graph by the areas bounded by the
urves. It can be seen that the stored energy that is released at high
requency during the transition from the high-to the low-energy
table state, and which may be converted to work, is considerably
reater than the energy required to move the configuration from S1
o the unstable equilibrium point after which it will jump to S2 of
ts own accord.

2.2 Actuated Jumping Structure. Using the concept for gen-
rating asymmetrically bistable structures described in the previ-
us section, a design for a bistable structure having two tape
prings and two leaf springs was developed. This design is illus-
rated in Fig. 1�b�. The moment-rotation relationships at each of
he four points at the corners where the tape springs are connected
o the leaf springs are represented by the graph in Fig. 1�a�. The
tructure is illustrated in the two stable equilibrium configurations
1 and S2. A physical realization of the concept requires a method
f attaching the spring elements to each other. This is carried out
y rigid connection pieces, which are shown shaded black in the
gure. These corner connection pieces also serve two auxiliary
unctions, in that they provide an attachment point for resetting
ctuators and also feet to enable the structure to jump when the
igh-frequency transition occurs.

The actuation scheme adopted is represented by the forces
hown in Fig. 1�b�. In this scheme a single actuator driving the
ransition from S1 to S2 is opposed by two actuators to carry out
he more difficult translation in the return direction. The first ac-
uator is represented by the force F1, which is applied transversely
o the tape springs at their midpoint. Their role is to break the
pines of the tape springs by imparting a moment greater than

lock. At this point the high-frequency transition to the low-
nergy stable state begins, causing the leaf springs to straighten.

The two opposing actuators, which are represented by the force
2 are offset from the spring ends by means of the rigid corner
onnection pieces. Their role is to bend the leaf springs by im-
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Fig. 1 „a… Graph showing moment versus rotation for a
structure concept, showing both stable states.
arting an end moment, restoring the strain energy that was re-
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leased during the transition in the opposite direction to the un-
stable equilibrium configuration at which point the structure will
jump to its original stable equilibrium configuration S1.

The ideal actuators employed in this scheme exert zero force
when they are not carrying out their assigned roles. The majority
of available actuation technologies, however, is not unilateral and
exerts force even when they are not in use. In consequence all
actuators can have an effect on the transition between the stable
equilibrium configurations in both directions. In the structure that
is analyzed below, for example, the nonzero restoring force F1
during the low-to-high energy transition S2 to S1 has significant
implications on the required performance of the actuators provid-
ing force F2.

It should be mentioned that the structural concept shown in Fig.
1�b� has two conceivable additional stable equilibrium configura-
tions in which only one of the tape springs is bent while the other
remains straight. These configurations may be avoided by ensur-
ing designs in which the moment exerted by the leaf springs on
the straight tape spring when the other tape spring is bent is
greater than Mlock.

3 Design and Analysis
The specific design of actuated asymmetrically bistable struc-

ture of the form shown in Fig. 1�b� used to demonstrate the analy-
sis techniques and structural performance in this paper is now
introduced. Both the tape springs and leaf springs are spring steel
with a Young’s modulus E of 210 GPa, Poisson’s ratio � of 0.3,
and density � of 7900 kg /m3. The lengths of the leaf springs a
and the length of the tape springs b are both 120 mm. The leaf
springs have a thickness of 0.52 mm and a depth of 19.05 mm.
The bending stiffness of a single leaf spring EI is therefore
47,000 N mm2. The tape springs have a cross section with a
circular arc of circumferential length 25.4 mm and a radius of
curvature 12.6 mm and subtending an angle of 75.0 deg.

The tape springs and leaf springs are connected by wire-cut
Aluminum alloy corner pieces, which are assumed to be rigid in
all subsequent analyses. They provide an attachment to ensure that
the tape springs and leaf springs meet at the correct angle �,
which is fixed at 55.0 deg. In addition, they provide an attachment
point for the actuators driving the S2 to S1 transition offset from
the corner by 17.0 mm. A jumping foot of length 25.0 mm is also
incorporated. The total mass of the bistable structure including
three spring actuators of the type described below is 70 g.

3.1 Equilibrium Configurations. The graph plotted in Fig.
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F2

F2
F2
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F2

F2

F2

F1

F1

tape spring

leaf springs

tape spring corner connection piece

Stable State S1 Stable State S2

bistable structure
(tape springs straight)

same bistable structure
(tape springs bent)

(b)

red tape spring and leaf spring and „b… jumping bistable
pai
1�a� shows the conceptual response of a single paired tape spring
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nd leaf spring having these geometries and properties. It should
e noted that the tape spring is subject to opposite-sense bending,
eaning that the applied curvature along the length is defined in

he opposite direction to the curvature of the cross section �8�. The
ape spring properties were evaluated using the commercial finite
lement software SAMCEF �9,10�. The tapes springs are modeled
ith four-node quadratic Mindlin shell elements, with a master
ode at the center of each end. There are ten elements along the
ross section and 48 along the length. All nodes associated with
he first and last four rows of elements along the length are fixed
o the nearest master node with rigid elements. This level of dis-
retization has been shown to capture the bending behavior of
ape springs adequately �11�. The master node at one end is con-
trained against all translational motion. The other master node is
onstrained against two translations but is free to translate in the
irection of the original tape spring axis. Opposite sense end ro-
ation is applied at both master nodes up to a value of 35.0 deg as
hown in Fig. 2�a�. A Newton–Raphson iterative process with
daptive time-stepping is adopted.

It can be seen from Fig. 1�a� that the tape spring exerts a maxi-
um moment in bending of approximately 650 N mm and an

pproximately constant post-buckled moment of 50 N mm. The
eometry of the leaf spring provides a suitable margin of safety
etween S1 and the first onset of buckling—marked with a white
ot in the figure. It is of interest to confirm that the graph in Fig.
�a� for a single paired tape spring and leaf spring is applicable to
redict the stable states when two tape springs and leaf springs are
aired. This is carried out by means of a geometrically nonlinear
EA in SAMCEF.
As the asymmetrically bistable structure requires the connec-

ion of tape springs that are prestressed and deformed with unde-
ormed leaf springs, the finite element model is assembled in a
wo-stage process. In the first stage the tape springs, modeled as
escribed above, are separated vertically by the undeformed
ength of the leaf springs. The leaf springs, like the tape springs,
re modeled with four-node quadrilateral Mindlin shell elements,
ith ten elements along the cross section and 48 elements along

he length. The master nodes, colocated with the master nodes for
he tape springs, are defined at the ends of the leaf springs, which
re then connected to the nearest nodes associated with the first
nd last 4 rows of elements along the leaf spring length.

The four pairs of colocated master nodes are connected with a
echanical hinge element, which ensures that the colocation is

etained but permits relative rotation about the end rotation axis.
he ends of both tape springs are then rotated by the desired
mount. Because of the hinged connection the leaf springs ends
emain colocated without the leaf springs deforming. When the
esired tape spring end rotation is achieved, the relative end rota-

(b)

θ

θ

opposite sense bend

(a)

Fig. 2 „a… FEA of a tape spring in opposite-sense be
stable equilibria when F2=0
ions of the tape and leaf springs are then fixed. At this point all
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prescribed displacements are removed and the structure relaxes
into its low-energy stable configuration. This configuration is
shown on the right hand side of Fig. 2�b�.

In order to determine the high-energy stable configuration, end
rotations are applied to the tape springs to straighten them. As the
relative rotation to the leaf springs is now fixed, the leaf springs
are now deformed by this action. When the tape springs are
straight, the prescribed displacements are removed and the struc-
ture relaxes into its high-energy stable configuration. This con-
figuration is shown on the left hand side of Fig. 2�b�. A similar
process may be used to verify that, for the chosen design, there are
no additional stable configurations with one tape spring bent and
the other straight. If the structure is deformed to one of these
configurations, in each case the structure relaxes to the low-energy
stable state already determined.

It should be noted that the stable configurations shown in Fig.
2�b� correspond extremely well to the rotations predicted by the
simple analysis shown in Fig. 1�a�. Although not shown here, the
same sequence of analyses confirmed that when the actuation
forces F1 and F2 were included, as defined below for the shape
memory alloy spring actuators, similar stable equilibrium configu-
rations of the bistable structure were determined to exist. Finally,
the stable equilibrium configurations were confirmed by the be-
havior of the physical model described in Sec. 4.2.

3.2 Actuator Functional Modeling. In addition to the equi-
librium analysis described above, in order to capture the behavior
of the transitions it is necessary to have a functional representation
of the actuator force at a given displacement. The choice of ac-
tuator is clearly dependent on the requirements of the bistable
structure and, in the case when the actuator force is nonzero when
it is not driving a transition, can itself have a significant effect on
the transition behavior. The selection of a suitable actuator and
bistable structure design is therefore an iterative process.

In general the actuation requirements for bistable structures that
undergo large geometric changes between their stable states are
that they have a high stroke and a moderate blocked force. Fre-
quency requirements are low, particularly in the case of the struc-
tures presented in this paper in which high-frequency behavior
arises from the structure itself. Many other useful actuator metrics
have been determined elsewhere �12�. Various suitable actuation
options exist, including amplified piezoelectric stacks, and the
novel technology of nematic elastomers �13�. Here, however, the
actuators that are used are Nickel-Titanium �NiTi� shape memory
alloy �SMA� springs. These are described in greater detail below.
The same process adopted for modeling the incorporation of SMA
springs into the bistable structure transition analysis may be used

2.1o

31.6o

ng and „b… FEA of the bistable structure showing the
ndi
for any actuator technology.
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The commercially available NiTi tension spring actuator used1

s pictured in the inset to Fig. 3. Its unstretched length L0 is 28
m, and it is rated with a free stroke of 110 mm and a blocked

orce of greater than 30 N. This is shown to be compatible with
he chosen bistable structure geometry actuated according to the
cheme shown in Fig. 1�b�. In order to determine a representative
unction, quasistatic tensile tests were carried out using an Instron
567 materials testing machine. The cold spring was extended by
10 mm at a rate of 0.02 mm/s and the force recorded. The func-
ional representation of this cold extensional behavior, superim-
osed on the experimental data are plotted in Fig. 3. It can be seen
hat the extensional behavior consists of a linear component,
hich results from the helical spring geometry, and a nonlinear

omponent exhibiting an initial large increase in force with exten-
ion followed by a plateau, which results from the plasticlike mar-
ensitic transformation of the SMA.

In order to measure the actuation properties of the NiTi spring,
t was heated past the SMA austenite transition temperature by
assing a current of 2 A through the wire. With the spring being
aintained in its heated configuration, the end extension was re-

uced to zero at a rate of 0.02 mm/s and the corresponding force
ecorded. The functional representation of this hot actuation su-
erimposed on the experimental data is shown in Fig. 3. It can be
een that the heated NiTi spring actuator behaves as a linear
pring that exerts substantially more force than is required to ex-
end it in its cold martensite state.

The functional representation was carried out with reference to
he observed form of the response. The chosen function was fitted
o the experimental data using a least-squares analysis within MAT-

AB �14�. The linear functional representation of force Fhot N ver-
us extension x mm of the hot contraction was found by this
pproach to be

Fhot = 0.296x �1�
he cold extension of the NiTi spring was represented by a con-
tant and an exponentially decaying term. The functional repre-
entation of force Fcold N versus extension x mm of the cold
xtension was found by this approach to be

Fcold = 3.419�1 − exp�− 0.054x�� + 0.0072x �2�

hese expressions are substituted for F1 and F2 in the analyses
elow depending on whether the actuator is driving a transition
hot� or in opposition to the transition �cold�.
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3.3 Upper Bound Energy-Based Analysis. The transfer of
stored strain energy in an asymmetrically bistable structure to use-
ful work—in the case of the jumping structures presented here
resulting in an increase in potential energy—during the transition
from S1 to S2 is one of the primary focuses of this paper. It is
therefore worthwhile to provide a simple upper bound calculation
of the maximum jump height that can be attained if energy is
perfectly transferred, which may then be used to assess the effi-
ciency of the actual energy transfer that is attained. Clearly this
approach can give no information concerning the frequency of the
transition.

For the jumping bistable structure described above, it is neces-
sary to account for the energy required to extend the actuators F2
over the transition. The energy input by the driving actuator F1 is,
however, neglected as once the unstable equilibrium point is tra-
versed, the energy transfer occurs at a much higher frequency than
the operation of the actuator. Physically this means that, as dy-
namic snap-through occurs the folds of the tape springs come
closer together faster than the actuator contracts, and the actuator
is therefore pushed to one side.

In this and the following analysis, two cases are considered.
One considers the full functional representation of the actuators as
defined in Eqs. �1� and �2�. The other assumes that Fcold=0, which
is representative of the performance that could be attained if uni-
lateral actuators were used. The mass of the actuators is still in-
cluded in the potential energy estimate. The jump height evaluated
by this energy approach sen attained by the bistable structure is

sen =
�U� − Uact�

mg
�3�

in which U� is the strain energy released by the structure over the
transition, as shown in Fig. 1�a�, Uact is the energy required to
extend opposing actuators, m is the mass of the structure, and g is
the acceleration due to gravity.

3.4 Simplified Analytical Model. In order to obtain an im-
proved estimate of the jump height—illustrative of the efficiency
of energy transfer—and also to obtain a first estimate of snap-
through frequency, a dynamic analysis of the S1 to S2 transition
based on a simplified model is now considered. This simplified
model is a pseudorigid-body model of the type introduced by
Howell �2�. One-half of the simplified structure is considered by
means of a symmetry argument. A sketch of the model in its
low-energy equilibrium configuration S2, which defines the nota-
tion used and the associated free body diagram is shown in Fig. 4.
The same geometry and notation is also adopted for the quasistatic
reset analysis below.

In the figure, the tape springs are idealized as pinned rigid
members that exert a constant restoring moment M�. The geom-
etry of the structure at any moment in time is assumed to be
uniquely defined by the counterclockwise positive rotation � of
the top corner. The equilibrium configuration S2 occurs when both
corners are rotated by an angle �eq from the horizontal. For this
single degree of freedom model to be correct it is necessary to
assume a shape for the leaf spring �shown gray� that is fully pa-
rameterized by �. The shape adopted is a circular arc with curva-
ture ����. The leaf spring exerts a restoring moment Mls=EI�.
The assumption of a transition path, which is symmetrical about
both center lines, and which is identical for both reset and dy-
namic transitions is necessary to make the analysis tractable but is
not necessarily representative of the actual behavior.

Rigid pieces at the corners provide an attachment offset L1 for
the actuators represented by the force F2, and a jumping foot of
length L2. The mass m in this simplified dynamic analysis is equal
to one quarter of the total structural mass. In the dynamic model,
the motion during the transition is expressed in terms of the ver-
tical displacement of the top and bottom corners xt and xb, respec-
tively, and by the horizontal displacement y, which is the same for

both corners. The instantaneous extensions of the actuators repre-
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ented by the forces F1 and F2 are x1 and x2, respectively. The
rrows in the figure denote positive displacement. The vertical
orce R exerted by the jumping foot enables the time of the jump
nd the height to be determined. It should be noted that the hori-
ontal reaction forces at the supports on the vertical axis of sym-
etry are not drawn as they have zero value for the assumed

ransition path.
The conservation of energy in the structure, in which the energy

ue to accelerating the masses and inertias is incorporated in the
’Alembert sense, over an infinitesimal change in configuration
ay be expressed as

m�ẍbdxb + ẍtdxt + 2ÿdy� + F1dx1 + 2F2dx2 + 2�M� − Mls�d� = 0

�4�

s the model is fully defined by the rotation angle � it is possible
o express Eq. �4� uniquely in terms of this variable. It may readily
e shown that

ẍb =
dxb

d�
�̈ +

d2xb

d�2 �̇2 �5�

nd similarly for xt and y. F1 is zero throughout the high-
requency transition for the reasons discussed above and F2�x2�
ay be determined by means of Eq. �2�. The actuator extensions

re expressed as

x1 = c��� − b sin��eq + �� − L0 �6�

x2 = c��� + 2L1 sin��eq + �� − L0 �7�

n which the abbreviated geometric variable

c��� =
2a

�� − 2� − 2��eq + ���
sin�� − 2� − 2��eq + ��

2
� �8�

he corner displacements are expressed in terms of � as

xb = L2�sin��eq + �� − sin �eq� �9�

b/2

a c(ψ)

ψeq

xt

xb L2

xx1+L0

L1

ψ

α

α

y

y

C/L

Fig. 4 Simplified dynamic model an
bistable jumping structure
xt = L2�sin��eq + �� − sin �eq� + c��� − c�0� �10�
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y =
b

2
�cos �eq − cos��eq + ��� �11�

and the moment exerted by the leaf spring assuming a constant
curvature deformation is

Mls��� =
EI

a
�� − 2� − 2��eq + ��� �12�

It must be noted that it is essential for the expressions to be de-
fined with respect to the equilibrium configuration for the dy-
namic analysis to be successfully carried out. Equation �4� is
therefore re-expressed as a function of � as

m��dxb

d�
�2

+ �dxt

d�
�2

+ 2� dy

d�
�2��̈ + m��dxb

d�
� dxb

2

d�2 + �dxt

d�
� dxt

2

d�2

+ 2� dy

d�
� dy

2

d�2��̇2 + �2F2����dx2

d�
� − 2Mls���� + 2M� = 0

�13�

which by reference to the equations defined above may be con-
cisely expressed as

A����̈ + B����̇2 + C��� + 2M� = 0 �14�
This expression must be solved by numerical means. This is

carried out by means of an explicit fourth-order Runge–Kutta pro-
cess in MATLAB �14�. In the analysis, it is assumed that the struc-
ture is reconfigured from its high-energy stable equilibrium con-
figuration S1 by displacement control, past the unstable
equilibrium, to the point at which positive stiffness is regained and
it is legitimate to consider that the tape springs exert the constant
moment M�. It can be seen from Fig. 1�a� that this corresponds to
an initial end rotation of 5.075 deg from horizontal. It must be
recognized that this can result in some stored strain energy not
being accounted for and consequently an underestimate of the
jump height attained.

The solution of Eq. �14� enables the vertical accelerations of the
two lumped masses ẍb and ẍt to be evaluated. By taking moments

R
F2

F2

0.5 F1

0.5 F1

M*

M*

Mls

Mls

m

m

C/L

ssociated free body diagram of the
2+L0

d a
about the intersection point of the axes of symmetry in Fig. 4, the
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xpression for the vertical force exerted by the structure at the
oint of contact between the foot and the ground R as a function
f time may be obtained as

R = − � b

b + 2L2
�m�ẍb + ẍt� �15�

he time when the bistable structure jumps during the transition is
etermined by the point at which this contact force becomes zero.

To determine the jump height that is achieved by the structure,
he kinetic energy at the point of jump is evaluated. Some kinetic
nergy, however, does not contribute to the jump, resulting instead
n oscillation of the structure itself. The kinetic energy that con-
ributes to the structure jumping is that associated with the vertical
elocities ẋt and ẋb. The jumping kinetic energy UKE of the struc-
ure, accounting for both sides, is therefore

UKE = 2 �
1
2m�ẋt

2 + ẋb
2� �16�

y considering the conversion of this kinetic energy to potential
nergy, the jump height attained by the structure, evaluated by this
implified dynamic analysis is

sdy =
UKE

4mg
=

�ẋt
2 + ẋb

2�
4g

�17�

n which g is the acceleration due to gravity.

3.5 Nonlinear Dynamic FEA. One of the primary assump-
ions that was made in the simplified dynamic analysis in Sec. 3.4
as that the leaf spring always adopts a constant curvature along

ts length. This requirement for circular deformation is necessary
n order to relate the displacements to the single variable � to
epresent the dynamic behavior by means of the single differential
quation Eq. �14�. To account for the fact that the leaf spring may
ot deform in this fashion during the dynamic transition a nonlin-
ar finite element analysis approach is used.

Two models of the jumping structure are considered. The first
odel is a refinement of the model shown in Fig. 4. The tape

prings and the feet are modeled as rigid elements and the bound-
ry conditions are as shown in the figure. The leaf spring is mod-
led with 40 Mindlin beam elements, however, all structural mass
s still assumed to be lumped equally at the corners. Following a
rocedure similar to the one outlined in Sec. 3.1, the FEM is
ssembled in the configuration with straight leaf springs. It is then
laced, by quasistatic displacement control, into the position when
he corners are rotated 5.075 deg from the horizontal, correspond-
ng to the configuration in which the tape springs have just buck-

�

0 1 2 3 4 5 6 7 8

x 10
−3

−30

−25

−20

−15

−10

−5

0

5

time (s)

R
(N
)

no resetting actuators
resetting actuators

jump

(a)

Fig. 5 „a… Contact force R versus time evaluated using the
evaluated using nonlinear dynamic FEA
ed and exert a restoring moment M . This moment is applied to
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the two nodes on the vertical symmetry axis in the analysis. When
the effect of reset actuation must be considered, the force F2 as
determined by Eq. �2� is applied to the relevant nodes.

To analyze the transition the structure is then released and a
nonlinear dynamic analysis is carried out. The dynamic equation
is solved using the second-order unconditionally stable Hilber–
Hughes–Taylor �HHT� implicit-corrector scheme �15� to update
the equilibrium equations before integration is carried out using
the Newmark algorithm with automated time-stepping. The damp-
ing factor � in the HHT scheme must satisfy 0	�	

1
3 , in which

�=0 implies zero numerical damping. In the absence of any in-
formation concerning the expected damping, an intermediate
value of �=0.1 was adopted. This assumption is adequate for
initial design and could be modified in light of experimentation to
account for any structural damping.

The vertical reaction force at the point of contact between the
foot and the ground is monitored throughout the analysis. When it
becomes zero, indicating a loss of contact and onset of jump, the
kinetic energy resulting from the vertical velocities of the struc-
ture is evaluated. The attained jump height is calculated by con-
verting this jumping energy into potential energy in a manner
similar to that shown in Eq. �17�.

The second model is based on the detailed representation of the
structure that was used to determine the equilibrium configura-
tions in Sec. 3.1. In this case the correct density is assigned to the
elements representing the tape springs and leaf springs. Equal
lumped masses of 11.25 g are placed at the centers of mass of the
corner pieces to bring the combined structural mass to 70 g. When
the effect of reset actuation is required, the force F2 as determined
by Eq. �2� is applied to the nodes at the locations of the actuator
attachment points. Boundary conditions are as shown in Fig. 6 –
the nodes corresponding to the points of contact between the
structure and ground are free to translate horizontally; the nodes in
the centers of the two tape springs are free to translate vertically.

The model is first displaced quasistatically from its high-energy
�tape springs straight� equilibrium to the configuration in which
the corner nodes are rotated 5.075 deg from the horizontal. A
dynamic analysis of the transition is then carried out. In order to
ensure the correct initial accelerations are present in the analysis,
the dynamic response of the structure is computed for 1 s while
being held in this starting configuration. Following this interme-
diate stage, the displacement control is released and the structure
is allowed to transition dynamically. Once again the vertical reac-
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plified analytical model and „b… contact force R versus time
(

sim
tion force at the point of contact between the foot and the ground
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s monitored and when it becomes zero the onset of a jump is
ndicated. The jump height attained is also determined as de-
cribed above.

Results
All the introduced analytical techniques are used to determine

he jump height of the asymmetrically bistable structure resulting
rom the transition from the S1 to S2. Where the method permits,
he dynamic transition time, from the point of release to the onset
f jump is evaluated. In all cases the analysis is carried out for the
pecified design for the following two actuation cases: one in
hich the actuator behavior matches that of the NiTi springs in all

espects and the other in which the force required to extend the
ctuator is zero. This is used to illustrate the desirability of uni-
ateral actuation to transition bistable structures between their
table states.

The upper-bound energy-based analysis assuming perfect en-
rgy transfer, introduced in Sec. 3.3, is the simplest to carry out
nd yields jump heights of sen=0.556 m when no energy is ex-
ended on extending opposing actuators and sen=0.319 m when
he extension of opposing actuators is included. It is not possible
o estimate the frequency of dynamic transition using this ap-
roach.

The variation in contact force R with time over the dynamic
ransition, evaluated using the simplified dynamic model with pre-
cribed snap-through path, introduced in Sec. 3.4, is shown in Fig.
�a�. It was found that jump heights of 0.254 m and 0.146 m, and
ransition times of 0.0061 s and 0.0072 s were predicted when
eset actuators were neglected and included, respectively. It can be
een that the effect of reset actuation is to reduce the jump
eight—as strain energy is absorbed that would otherwise be con-
erted to potential energy—and to reduce the transition frequency.

4.1 Dynamic FEA Results. The dynamic FEA of the simpli-
ed model indicated that the jump heights are 0.193 m and 0.107

and the transition times are 0.0064 s and 0.0074 s when reset
ctuators are neglected and included, respectively. Although the
ransition frequency predictions are not significantly altered when
ompared with the analytical model, the kinetic energy at onset of
ump, and consequently the attained jump height, is reduced in
oth cases by approximately 25%. This indicates that it is essen-
ial to specify the correct transition path to ensure the correct
nergy transfer properties.

(a)

madd madd

maddmadd

126.5o

138.9o

Fig. 6 The dynamic FE model of the bistable jumping struc
ting actuators at the onset of jump showing the asymmetric
Similarly, the dynamic FEA of the detailed model indicated that

ournal of Applied Mechanics
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the jump heights are 0.345 m and 0.222 m and the transition times
are 0.0068 s and 0.0078 s when reset actuators are neglected and
included, respectively. It can be seen that when the mass is cor-
rectly apportioned, the kinetic energy contributing to the structure
jumping is substantially increased in both cases. The transition
frequency is, however, not as significantly affected. In fact, for all
the different analyses the transition time varies by up to 10%
whereas the predicted jump height varies by up to 35%.

The variation in the force R over the transition for this detailed
model is shown in Fig. 5�b�. In comparison with the variation
plotted in Fig. 5�a� it can be seen that they are quantitatively
similar. In both cases, the effect of including reset actuation is to
reduce the peak reaction force, and the transition frequency. The
structural configurations at the onset of jump are shown, both with
and without reset actuation forces, in Fig. 6. In both cases it can
be seen by inspection of the leaf spring shape, and by comparison
of the top and bottom tape spring fold angles, that the assumption
of the leaf springs deforming as circular arcs as assumed in the
simplified analytical approach is incorrect.

4.2 Physical Model. In order to assess the above results, a
physical model of the jumping bistable structure was fabricated
and the jump height resulting from actuation F1 and the transition
S1 to S2 was measured. The video footage was taken of the jumps
at 25 frames per second. Stills showing the structure at its maxi-
mum jump height are shown in Fig. 7. In order to capture the
effect of zero reset actuation force while maintaining a compa-
rable mass, the reset actuators were prestretched, so no energy
was expended in extending them. The jump heights were mea-
sured to be 0.163 m and 0.145 m when the reset actuators were
prestretched and not prestretched, respectively. To facilitate com-
parison, all the results from the transition analyses are compiled in
Table 1.

On inspection it appears that the simplified analyses in which
lumped masses are assumed provide the best predictions of the
response of the physical model. This result is unexpected as it can
be assumed that the nonlinear dynamic analysis would most
closely represent the physical behavior. This may be explained by
noting that, in performing the jump experiments, a number of
additional sources of error in the form of energy sinks were made
apparent. These include parasitic mass, for example the actuator
power supply and friction between the feet and the ground result-
ing from the horizontal motion. None of these effects were incor-

add madd

maddadd

138.2o

145.9o

)

e „a… neglecting resetting actuators and „b… including reset-
nsition path
m

m

(b

tur
porated in the analyses. It is believed that the extra energy ex-
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ended as a result of the lumped mass assumption and transition
ath specification is equivalent to the energy lost in reality by the
eans described above.

Reset Analysis
Although this paper has concentrated on the high-frequency

igh-energy to low-energy transition, it is also necessary to ensure
hat the reset transition is possible with the chosen actuation
cheme and actuators. The reset transition from the low-energy
onfiguration S2 to the high-energy configuration S1 in which the
ape springs are straightened is expected to occur at a much lower
requency than the transition in the opposite direction. The effect
f the reset actuation F2 is also to apply the same bending moment
o both ends of the leaf springs and therefore cause a constant
urvature. Consequently a quasistatic analysis in which the tran-
ition path is specified is considered sufficient to determine the
eset actuation requirements.

To determine the minimum actuation force F2 required to en-
ure completion of the reset transition, the geometry, snap-through
ath, and actuation forces illustrated in Fig. 4 are used. The con-
ervation of energy results in the reduced form of Eq. �4� in
hich, due to the quasistatic nature of the transition, all accelera-

ions are zero

2F2dx2 + F1dx1 + 2�M� − Mls�d� = 0 �18�
n analytical expression for the minimum reset actuation force

equirement F2 may be achieved by substituting Eqs. �6� and �7�
nto Eq. �18�. The resulting minimum force requirement for the
umping bistable structure, determined from this expression, is
lotted in Fig. 8 alongside the force that is applied by the NiTi
pring actuators. It can be seen that the available actuation force is
lways greater than the required value throughout the transition,
nd therefore the actuators are suitable to carry out the reset. This
eset capability is confirmed by the behavior of the physical

(a)

0.145 m

Fig. 7 „a… Bistable structure at the jump a
bistable structure at the jump apogee rese

able 1 Kinetic energy corresponding to vertical velocities,
ump heights attained, and transition times „where applicable…
or bistable jumping structure analyses and experimental
esults

Without reset actuation With reset actuation

Vert. KE
�Nm�

s
�m�

t
�s�

Vert. KE
�Nm�

s
�m�

t
�s�

erfect transfer 0.382 0.556 — 0.219 0.319 —
nalytic model 0.174 0.254 0.0061 0.100 0.146 0.0072
implified FEA 0.132 0.193 0.0064 0.074 0.107 0.0074
ull FEA 0.237 0.345 0.0068 0.153 0.222 0.0078
hysical model — 0.163 — — 0.145 —
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model. Consequently, a full repeatable actuation cycle between
the high-energy and low-energy states of an asymmetrically
bistable structure has been demonstrated.

6 Conclusions
In this paper actuated bistable structures have been analyzed

with a focus on the dynamics of the transitions between the stable
states. The complete repeated actuation of an asymmetrically
bistable structure between the high-energy and low-energy stable
states using existing technologies has been demonstrated with ref-
erence to the complete solution of a specific structure. This struc-
ture is itself a novel asymmetrically bistable adaptive device. The
solution techniques may be readily extended to general cases. This
is a vital step in the path to the incorporation of bistable structures
into adaptive multistable systems.

The analysis techniques of increasing refinement have been de-
veloped and demonstrated, which have enabled the energy transfer
during the transition from stored strain energy to kinetic energy to
be determined. In the example considered this energy release as
useful work manifests itself by the structure jumping. In all cases
the effect of reset actuation which requires energy to extend has
been incorporated into the analysis. This was carried out by rep-
resenting actuators with nonlinear force-displacement functions.
The techniques used, in order of increasing complexity, are as
follows:

1. Upper-bound energy analysis

0.163 m

b)

gee, reset actuators pre-extended and „b…
tuators not pre-extended
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0

5

10

15

20

25

30

35

rotation (o)

fo
rc
e
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)

minimum force
available force

jump to S1
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Fig. 8 Minimum reset actuation force requirements and avail-
(

po
able reset actuation force over the transition from S2 to S1
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2. Analytic model with lumped mass and assumed transition
path

3. FE model with lumped mass
4. FE model with correct mass distribution

It has been demonstrated that when asymmetrically bistable
tructures are actuated with low-frequency actuators, a high-
requency transition can occur due to the dynamic behavior of the
tructure itself. Also, the stored strain energy in the high-energy
table configuration may be released as useful work once the driv-
ng actuator has displaced the structure to the onset of instability.
his ability to produce work at high-frequency, in excess of what

s available with current actuator technologies, which have the
equired dimensions, is one of the key benefits of the technology.
here is clearly a requirement for the development of suitable
ctuators, which require no energy to reset in order to maximize
he work output.

The four analysis techniques itemized above all provided esti-
ates of the efficiency of this transfer of strain energy to useful
ork, in this case resulting in the structure jumping. It was ob-

erved that the estimates of snap-through frequency were not sub-
tantially altered by increases in the model complexity. In fact, the
ualitative behavior of the jumping structure during the transition
as well captured by the simple analytical model. It was found,
owever, that it is important to model the mass distribution of the
tructure adequately as this has a substantial effect on the pre-
icted energy transfer efficiency. The primary advantage of the
imple upper-bound energy analysis is it may be carried out rap-
dly and is useful as a check for the more refined models. For
esign purposes, it also indicates the best performance that can be
xpected by providing a benchmark.

It was noted that if energy losses are present, for example due
o friction, they must be adequately accounted for in the analysis.
f they were included in the techniques above, it can be seen that
he simplified analyses would substantially underestimate the ki-
etic energy at the onset of jump. This is clearly problem specific,
nd readily dealt with, for example by including additional terms
n the energy equation Eq. �4�. It should also be noted that struc-
ural damping could also play a role in the transitional behavior.
his too must be considered on a case-to-case basis.
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